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The solution of the Minkowski problem for losed surfaes in
Riemannian spae.
Andrei I. Bodrenko
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Abstrat
Author of this artile reated for the rst time the method for nding solutions of the Minkowski
problem for losed surfaes in Riemannian spae.
Introdution
Author resolves the Minkowski problem as the problem of onstrution the ontinuous G-
deformations preserving the produt of prinipal urvatures for every point of surfae in
Riemannian spae. G-deformation transfers every normal vetor of surfae in parallel along
the path of the translation for eah point of surfae.
The Minkowski problem (MP) asks the fundamental question of dierential geometry.
H. Minkowski, in 1903, published rst artile on this subjet. Generalizations of the MP
in Eulidean and pseudo-Eulidean spaes were made basially by developing the methods
reated by H.Minkowski, A.D. Aleksandrov, A.V. Pogorelov, W.J. Firey. But nobody has
studied this problem in Riemannian spae.
The MP in Riemannian spae is muh more ompliate than the MP in Eulidean spae
beause well known methods that are useful for Eulidean and pseudo-Eulidean spaes are
not valid for Riemannian spae.
Author uses term of G−deformation beause for surfae in Riemannian spae there is no
suh term as spherial image.
1. Basi denitions. Statement of the main result.
Let R3 be the three-dimensional Riemannian spae with metri tensor a˜αβ, F be the two-
dimensional simply onneted oriented losed surfae in R3.
Let F ∈ Cm,ν , ν ∈ (0; 1), m ≥ 4. Let F has all stritly positive prinipal urvatures k1
and k2. Let F be oriented so that mean urvature H is stritly positive. Denote K = k1k2.
Let F be glued from the two-dimensional simply onneted oriented surfaes F+ and F−
of lass Cm,ν . Let F+ be attahed to F− along the ommon boundary ∂F of lass Cm+1,ν .
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Let F+ and F− be given by immersions of the domain D ⊂ E2 into R3 by the equation:
yσ = fσ±(x), x ∈ D, f± : D → R3. Denote by dσ(x) = √gdx1 ∧ dx2 the area element
of the surfae F . We identify the points of immersion of surfae F with the orresponding
oordinate sets in R3. Without loss of generality we assume that D is unit disk. Let x1, x2
be the Cartesian oordinates.
Symbol ,i denotes ovariant derivative in metri of surfae F. Symbol ∂i denotes partial
derivative by variable xi. We will assume f˙ ≡ df
dt
. We dene ∆(f) ≡ f(t)− f(0). Let gij and
bij be the oeients of the rst and the seond fundamental form respetively.
We onsider ontinuous deformation of the surfae F : {Ft} dened by the equations
yσt = y
σ + zσ(t), zσ(0) ≡ 0, t ∈ [0; t0], t0 > 0. (1.1)
Denition 1 . Deformation {Ft} is alled the ontinuous deformation preserving the produt
of prinipal urvatures ( or M−deformation [21℄) if the following ondition holds: ∆(K) = 0
and zσ(t) is ontinuous by t.
The deformation {Ft} generates the following set of paths in R3
uα0(τ) = (yα0 + zα0(τ)), (1.2)
where zα0(0) ≡ 0, τ ∈ [0; t], t ∈ [0; t0], t0 > 0.
Denition 2 . The deformation {Ft} is alled the G−deformation if every normal vetor
of surfae transfers in parallel along the path of the translation for eah point of surfae.
Theorem 1 . Let F ∈ Cm,ν , ν ∈ (0; 1), m ≥ 4, be losed surfae. Let F be glued from the two-
dimensional simply onneted oriented surfaes F+ and F− of lass Cm,ν . Let F+ be attahed
to F− along the ommon boundary ∂F of lass Cm+1,ν . Let a˜αβ ∈ Cm,ν , ∃M0 = const > 0
suh that ‖a˜αβ‖m,ν < M0, ‖∂a˜αβ‖m,ν < M0, ‖∂2a˜αβ‖m,ν < M0.
1) Then there exists t0 > 0 suh that for all t ∈ [0, t0) there exists three-parametri
MG−deformation of lass Cm−2,ν ontinuous by t.
2) If, at the point T0 ∈ F+, the following additional ondition holds: ∀t : zσ(t) ≡ 0. Then
there exists t0 > 0 suh that for all t ∈ [0, t0) there exists only zero MG−deformation of
lass Cm−2,ν ontinuous by t.
2. Dedution of G−deformation formulas for surfaes in
Riemannian spae.
We denote:
zσ(t) = aj(t)yσ,j +c(t)n
σ, (2.1)
where aj(0) ≡ 0, c(0) ≡ 0, nσ is unit normal vetor of surfae at the point (yσ). Therefore
the deformation of surfae F is dened by funtions aj and c.
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We use designations from [30℄. Notie that the equations of G−deformation obtained in
2 of [30℄ are :
albli + (1 +N0(t, 0))c,i+∂ia
jNj(t, 0) +Qi(t, 0) = 0, i = 1, 2. (2.1)
The estimations of norms for funtions N0(t, 0)), Nj(t, 0), Qi(t, 0) are derived in 3 of
artile [30℄ where the expliit forms of N0(t, 0)), Nj(t, 0), Qi(t, 0) are found.
We introdue onjugate isothermal oordinate system where bii = V, i = 1, 2, b12 = b21 =
0. Then we have the equation system from (2.1):
c,1 (1 +N0) + V a
1 +Nk∂1a
k +Q1 = 0
c,2 (1 +N0) + V a
2 +Nk∂2a
k +Q2 = 0 (2.2)
We nd solution of the equation system (2.2) by nding funtion c˙ on funtions a˙i.
We denote
Ψ1 = −(c,1∂2N0 − c,2∂1N0 + ∂1ak∂2Nk − ∂2ak∂1Nk + ∂2Q1 − ∂1Q2)/V. (2.3)
Then, from (2.2) and (2.3), we have the following equation (see [30℄):
∂2a˙
1 − ∂1a˙2 + pka˙k = Ψ˙1, (2.4)
where p1 = ∂2(lnV ), p2 = −∂1(lnV ). Note that pk do not depend on t.
At rst, we will solve the equation system (2.2) for surfae F+ for the ase 2) of theorem
1, assuming that funtions a1 and a2 are given. The solution of the equation system (2.2)
was presented in [30℄.
From [30℄ we have that every pair of funtions a˙i ∈ Cm−2,ν orresponds to the unique
funtion c˙ ∈ Cm−2,ν and therefore to the unique funtion c ∈ Cm−2,ν .
We nd funtion c˙ from the equation:
c˙ = La(c˙) + γt, (2.5)
by the method of suessive approximations. Notie that La and γt were presented in [30℄
and have expliit forms.
In [30℄ was proved the following lemma for the ase 2) of theorem 1:
Lemma 5.1. ([30℄) Let the following onditions hold:
1) metri tensor in R3 satises the onditions: ∃M0 = const > 0 suh that ‖a˜αβ‖m,ν <
M0, ‖∂a˜αβ‖m,ν < M0, ‖∂2a˜αβ‖m,ν < M0.
2) ∃t0 > 0 suh that ak(t), ∂iak(t), a˙k(t), ∂ia˙k(t) are ontinuous by t, ∀t ∈ [0, t0], ak(0) ≡
0, ∂ia
k(0) ≡ 0.
3) ∃t0 > 0 suh that ai(t) ∈ Cm−2,ν , ∂kai(t) ∈ Cm−3,ν , ∀t ∈ [0, t0].
Then ∃t∗ > 0 suh that the equation c˙ = La(c˙) + γt ∀t ∈ [0, t∗]. has unique solution of
lass Cm−2,ν ontinuous by t.
Proof of lemma 5.1. was presented in [30℄.
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Corollary.([30℄) Let the onditions of lemma 5.1. hold.
Then the funtion c˙ takes the form:
c˙(x1, x2, t) =
(x1,x2)∫
(x1
(0)
,x2
(0)
)
(
−V a˙1
)
dx˜1 +
(
−V a˙2
)
dx˜2 + P (a˙1, a˙2),
and for P the following inequality holds:
‖P (a˙1(1), a˙2(1))− P (a˙1(2), a˙2(2))‖m−2,ν ≤ K8(t)(‖a˙1(1) − a˙1(2)‖m−2,ν + ‖a˙2(1) − a˙2(2)‖m−2,ν),
where for any ε > 0 there exists t0 > 0 suh that for all t ∈ [0, t0) the following inequality
holds: K8(t) < ε.
The proof follows from onstrution of funtion c˙ (see [30℄).
Note. For surfae F− we use similar methods of nding solutions of the equation system
(2.2). But formula (5.6) from [30℄ takes the following form
c˙(x1, x2, t) =
(x1,x2)∫
(x1
(0)
,x2
(0)
)
(
−−V a˙
1N0 +Nk∂1a˙
k + N˙k∂1a
k + Q˙1
(1 +N0)
+
N˙0(V a
1 +Nk∂1a
k +Q1)
(1 +N0)2
)
dx˜1+
(
−−V a˙
2N0 +Nk∂2a˙
k + N˙k∂2a
k + Q˙2
(1 +N0)
+
N˙0(V a
2 +Nk∂2a
k +Q2)
(1 +N0)2
)
dx˜2+
(x1,x2)∫
(x1
(0)
,x2
(0)
)
(
−V a˙1
)
dx˜1 +
(
−V a˙2
)
dx˜2 +B−1 , (2.6)
where B−1 is arbitrary real parameter. B
−
1 is found from the ondition c˙
+ = c˙− on ∂F.
3. The equations of MG−deformations.
Dedution the formulas of deformations preserving the produt of prinipal urvatures was
presented in [30℄. The equation of deformations preserving the produt of prinipal urvatures
takes the following form:
∂1a˙
1 + ∂2a˙
2 + q
(b)
k a˙
k = Ψ˙
(b)
2 , (3.1)
where Ψ˙
(b)
2 = q
(b)
0 c˙ − P0(a˙1, a˙2, ∂ia˙j). P0 has expliit form. Notie that q(b)k ∈ Cm−3,ν , q(b)0 ∈
Cm−3,ν and do not depend on t.
We will use the following lemma form [30℄.
Lemma 6.2.1. ([30℄) Let the following onditions hold:
1) metri tensor in R3 satises the onditions: ∃M0 = const > 0 suh that ‖a˜αβ‖m,ν <
M0, ‖∂a˜αβ‖m,ν < M0, ‖∂2a˜αβ‖m,ν < M0.
4
The solution of the Minkowski problem for losed surfaes in Riemannian spae.
2) ∃t0 > 0 suh that ak(t), ∂iak(t), a˙k(t), ∂ia˙k(t) are ontinuous by t, ∀t ∈ [0, t0], ak(0) ≡
0, ∂ia
k(0) ≡ 0.
3) ∃t0 > 0 suh that ai(t) ∈ Cm−2,ν , ∂kai(t) ∈ Cm−3,ν , ∀t ∈ [0, t0].
Then ∃t∗ > 0 suh that for all t ∈ [0, t∗) P0 ∈ Cm−3,ν and the following inequality holds:
‖P0(a˙1(1), a˙2(1))− P0(a˙1(2), a˙2(2))‖m−2,ν ≤ K9(t)(‖a˙1(1) − a˙1(2)‖m−1,ν + ‖a˙2(1) − a˙2(2)‖m−1,ν),
where for any ε > 0 there exists t0 > 0 suh that for all t ∈ [0, t0) the following inequality
holds: K9(t) < ε.
The proof was presented in [30℄.
We observe all designations for funtions and terms presented in [30℄. We use estimations
of norms for obtained funtions from 2, 3, 7 of [30℄. Formulas of funtions W˙1, W˙2, Ψ˙2,
the estimations for norms of these funtions are presented in 8 of [30℄. From artile [30℄, we
also use the following lemmas: 2.1, 2.2, 2.3, 3.1, 3.2, 5.1, 6.2.1, 7.1, 7.2, 7.3, 8.3.1, 8.3.2, and
theorems: 1, 9.1, 9.2.
We have the following equation system of ellipti type from [30℄:
∂2a˙
1 − ∂1a˙2 + pka˙k = Ψ˙1,
∂1a˙
1 + ∂2a˙
2 + q
(b)
k a˙
k = Ψ˙
(b)
2 , (3.2)
where we use (3.1). Ψ˙
(b)
2 = q
(b)
0 c˙− P0. Note that q(b)k do not depend on t.
Then we nally have the form of desired equation from [30℄:
∂z¯w˙ + Aw˙ +B ¯˙w + E(w˙) = Ψ˙. (3.3)
Let, along the ∂F , be given vetor eld tangent to F. We denote it by the following
formula:
vα = liyα,i. (3.4)
We onsider the boundary-value ondition:
a˜αβz
αvβ = γ˜(s, t), s ∈ ∂D. (3.5)
Dene: λ˜k = a˜αβy
α
,kv
β, k = 1, 2.
Then boundary ondition takes the form: Re{(a˙1 + ia˙2)(λ˜1 − iλ˜2)} = ˙˜γ on ∂F.
Denote: λk =
λ˜k
(λ˜1)2+(λ˜2)2
, k = 1, 2. ϕ˙ =
˙˜γ
(λ˜1)2+(λ˜2)2
.
Then boundary-value ondition takes the form: Re{λw˙} = ϕ˙ on ∂F, where |λ| = 1.
We analyze the deidability of the following equation (A):
∂z¯w˙ + Aw˙ +B ¯˙w + E(w˙) = Ψ˙, Re{λw˙} = ϕ˙ on ∂D, (3.6)
λ = λ1 + iλ2, |λ| ≡ 1, λ, ϕ˙ ∈ Cm−2,ν(∂D).
We will use the fat that Ψ˙ = Ψ˙(w˙, z, t), E(w˙) = E(w˙, z, t), w˙ = w˙(t),
ϕ˙ = ϕ˙(s, t), s ∈ ∂D, λ = λ(s), s ∈ ∂D.
5
Andrei I. Bodrenko.
Let n be index of obtained boundary-value problem
n =
1
2pi
∆∂D arg λ(s). (3.7)
Sine vα is not tangential to ∂F vetor eld then the index of boundary-value problem
n = 1.
4. Proof of theorem 1.
Proof of theorem 1.
At rst, we will prove the ase 2) of theorem 1.
Notie that we onsider losed surfae. We assume that surfae onsists of two surfaes
F+ and F− with the same boundary ∂F. Let F+ and F− be glued. Aording to [17,
18℄, we introdue onjugate isothermal oordinate system on F. Therefore F is mapped
gomeomorphially onto the domains G+ ⊂ E2 and G− ⊂ E2. G+ and G− have the same
boundary Γ and G− is innite domain. Notie that Γ is simple losed smooth urve of lass
Cm+1,ν . Note that ∂F is mapped gomeomorphially onto the urve Γ twie. Aording to
[17, 18℄, without loss of generality we assume that for eah pointM ∈ ∂F there exists unique
point sM ∈ Γ.
It is possible to introdue uniform onjugate isothermal oordinate system on F that
maps F gomeomorphially onto the whole E2 if we do not x domains G+ and G− ( see [17,
18℄ ).
Along the ∂F, we onsider the ondition of ontiguity of surfaes F+ and F−. Let sα =
skyα,k be unit tangential to the ∂F vetor eld (see [28℄). Let v
α
be unit vetor eld whih,
on ∂F , satises the following onditions:
vα = liyα,i , a˜αβv
αsβ = 0, a˜αβv
αvβ = 1.
Denote: z+αs = a˜αβz
+αsβ, z−αs = a˜αβz
−αsβ, z+αv = a˜αβz
+αvβ, z−αv = a˜αβz
−αvβ.
Therefore, aording to [17,18℄, if the surfaes F+ and F− ompose the smooth surfae
F then the ondition of ontiguity of surfaes F+ and F− takes the form:
z+αs = z
−α
s , z
+α
v = z
−α
v , c
+ = c− on ∂F.
We have the following onditions:
a˜αβv
αsβ = 0,
a˜αβv
αvβ = 1,
a˜αβs
αsβ = 1.
Therefore we get the following equation system:
gikl
isk = 0.
6
The solution of the Minkowski problem for losed surfaes in Riemannian spae.
gikl
ilk = 1.
giks
isk = 1.
Consider the formula:
zα = aiyα,i + cn
α.
Then
zv = gika
ilk,
zs = gika
isk.
Therefore we have the following boundary-value ondition on ∂F :
a+i = a−i.
We obtain on ∂F :
a˙+i = a˙−i.
In the artile [30℄ author analyzed the deidability of the following boundary-value
problem (A):
∂z¯w˙ + Aw˙ +B ¯˙w + E(w˙) = Ψ˙, Re{λw˙} = ϕ˙ on ∂D, (4.1)
|λ| ≡ 1, λ = λ1 + iλ2, λ, ϕ˙ ∈ Cm−2,ν(∂D).
Therefore we have the following boundary-value problem (A′):
∂z¯w˙ + Aw˙ +B ¯˙w + E(w˙) = Ψ˙, (in G
+ and G−),
a˙+i = a˙−i, on Γ. (4.2)
The boundary-value problem (A′) takes the form:
∂z¯w˙ + Aw˙ +B ¯˙w + E(w˙) = Ψ˙, (in G
+ and G−),
w˙+ = w˙−, on Γ. (4.3)
The above problem is generalized Carleman problem. Sine F ∈ Cm,ν , m ≥ 4 then the
ondition of ontiguity of surfaes F+ and F− is of at least 4-th order.
Consider the following problem
∂z¯w˙ + Aw˙ +B ¯˙w = 0, (in G
+ and G−),
w˙+ = w˙−, on Γ. (4.4)
Using methods from [17,18℄ we redue boundary-value problem (4.4) to the following
problem for analyti funtions: nd analyti funtion Φ+(z) in G+ and analyti funtion
7
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Φ−(z) inG− satisfying the boundary-value onditionΦ+(s)=U(s)Φ−(s) on Γ, where U(s) 6= 0
on Γ, index κ = ind U(s) = 0, Φ− has nite order on innity Φ−(∞) = 0 and Φ+(z0) = 0 at
the point z0 = x
1
0 + ix
2
0 ∈ G+. Therefore from [17, 18, 31℄ we obtain that the boundary-value
problem (4.4) has only zero solution of lass Cm−2,ν . (Φ+ ≡ 0, Φ− ≡ 0).
For every admissible analyti in G+ funtion Φ+ the equation
∂z¯w˙ + Aw˙ +B ¯˙w + E(w˙) = Ψ˙, in G
+
has unique solution and is solved by method of suessive approximations as (see [17, 18℄):
w˙0(z) = Φ
+(z) + T (−E(w˙) + Ψ˙),
w˙k+1(z) =
1
pi
∫ ∫
G+
(Aw˙k +Bw˙k)
ζ − z dξdη + Φ
+(z) + T (−E(w˙) + Ψ˙), k = 0, 1, ...,
where ζ = ξ + iη,
T (f) = −1
pi
∫ ∫
G+
f(ζ)
ζ − z dξdη.
Then we have the following inequality: ‖w˙‖m−2,ν ≤ K20(t)‖w˙‖m−2,ν for all suiently small
t ≥ 0, where K20(t) < 1.
Using methods from [17, 18, 31, 20℄ for nding the solutions of problem (4.3), theory of
ompletely ontinuous operators and theory of Volterra operator equation, the theorem 1
from [30℄ we obtain that the problem (A′) has only zero solution of lass Cm−2,ν ontinuous
by t.
The ase 2) of theorem 1 is proved.
Proof of ase 1) diers from proof of ase 2) by the fat that c˙+ has one additional real
parameter and Φ+ is two-parametri funtion (with two real parameters).
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